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Abstract--This paper describes a combined experimental and numerical investigation of the interaction 
effects occurring in a stream of single droplets and small groups of droplets. In particular, we examine 
the effect of neighboring droplets on droplet drag. The paper has three parts: (I) an analysis of a droplet 
trajectory utilizing published drag correlations; (2) a comparison of experimental trajectories of single 
droplets with theoretical trajectories; and (3) an analysis of the droplet-droplet collision that occurs when 
trailing droplets catch up with the lead droplet. The trailing droplets catch the lead droplet because, 
residing in the lead droplet's wake, they experience less drag. 
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I N T R O D U C T I O N  

The combustion of liquid fuel droplets occurs in a variety of energy conversion devices. For 
example, oil-burning power-plant furnaces, gas turbine engines for airplanes, and diesel engines for 
land transport, all depend on fuel droplet vaporization and combustion for their operation. Even 
more critically than for energy conversion devices, liquid hazardous waste incinerators require 
efficient and complete combustion of liquid droplets. A substantial amount of research on the 
vaporization and burning of isolated droplets has been justified on the basis of such widespread 
practical application of liquid fuel combustion [for example, see reviews by Law (1982) and 
Sirignano (1983)]. In practical devices, however, liquid fuel actually enters the combustion chamber 
as a spray, not as a collection of isolated droplets. In a spray, the presence of neighboring droplets 
invalidates many isolated droplet assumptions. Despite the distinct difference between sprays and 
isolated droplets, present combustion models simply characterize a spray as a summation of 
isolated droplets, letting a "correction factor" account for the influence of neighboring droplets. 
A recent workshop on combustion of sprays and droplets (Sanders & Bergan 1989) suggests that 
these numerical models are currently inadequate in part because droplet-droplet interactions are 
not included properly. To help address this inadequacy, this work uses a continuous stream of 
droplet packets to examine the effect of droplet--droplet interactions on droplet trajectory. 

Numerical simulation is often an integral part of the combustor design process, and conse- 
quently, the accuracy of the numerical model determines how well a "paper" combustor actually 
performs once it is constructed. Substantial benefits derive, therefore, from improved numerical 
simulation of the combustion process. In the area of spray combustion, improving numerical 
simulations is difficult because processes occurring on the scale of droplet sizes (100-200/~m) 
control the operation of practical devices with an overall length scale on the order of meters 
(Sirignano 1986). Computationally resolving such diverse scales is impractical, necessitating the use 
of simplified submodels for the small-scale controlling processes. Present simplified submodels 
derive entirely from single-droplet quasi-steady droplet theory, and they do not, therefore, properly 
account for droplet interaction. An eventual benefit of the current work is the improvement of these 
submodels to adequately address the interacting droplet phenomena that may control spray 
combustion. 

This paper includes both experiments and analyses of droplet trajectories. In the experiments we 
measure the trajectories of individual droplets, droplet pairs, droplet triples and droplet quadruples. 
We then compare these measured trajectories with trajectories predicted by solving the equation 
of motion for the droplets. Each solution of the equation of motion includes different laws for 
droplet drag and droplet vaporization. The comparison between the experiments and the analyses 

UMF 17,2--A 159 



160 Q.-V. NGUYEN et aL 

helps determine the importance of droplet-droplet interaction and the validity of the different drag 
and vaporization laws. 

LITERATURE REVIEW OF RELATED RESEARCH 

Numerical Studies 

Existing numerical models (e.g. El Banhawy & Whitelaw 1980; Raju & Sirignano 1987a) for the 
comprehensive solution of large-scale spray combustion flows are limited to a cost-effective 
computational grid that cannot resolve controlling phenomena occurring on the scale of the droplet 
size. Developments at the other end of the resolution spectrum include complete and accurate 
models for the unsteady axisymmetric behavior of a single vaporizing or burning droplet (Patnaik 
et al. 1986; Dwyer & Sanders 1988a,b). In calculations involving a large number of droplets in a 
gas flow, however, such detailed computations are prohibitively expensive. 

In practice, simplified versions of the high-resolution comprehensive models help bridge the gap 
between single-droplet calculations and complete combustor design calculations. Unfortunately, 
however, the simplified versions of the comprehensive models do not properly account for the 
effects of neighboring droplets. Neighboring droplets, in particular, affect droplet vaporization and 
droplet drag. 

Droplet vaporization 

Labowsky (1980) presented an analysis of particle interaction in a quiescent gas and found that 
the vaporization rate depends on the array geometry. Labowsky (1980) found that for a 
three-particle array, with inter-droplet spacing of five droplet radii, the vaporization rate decreases 
to 72% of the isolated droplet vaporization rate. Other analyses of droplet vaporization in 
quiescent atmospheres produced results similar to those of Labowsky (Twardus & Brzustowski 
1977; Umemura et al. 1981). 

Global studies of vaporization and combustion of large droplet clouds have also been presented 
(Chiu et al. 1982; Correa & Sichel 1982; Bellan & Harstad 1987a, b). These global models cannot 
address, however, the processes occurring on the scale of the droplet size. Global models, therefore, 
rely on the accuracy of droplet submodels for the calculation of vaporization rates. 

Droplet drag 

Droplet drag calculations that account for both the Stefan flow, and for the influence of 
neighboring droplets are inconclusive. Consequently, modelers usually use values of the drag 
coefficient corresponding to a solid sphere, with a correction for the effect of vaporization. The 
effect of neighboring droplets on droplet drag has received attention only recently (Raju & 
Sirignano 1987b, 1989; Chiang & Sirignano 1990). Results of these numerical studies suggest that 
neighboring droplets affect the droplet drag significantly. 

Experimental Studies 

Similar to numerical studies, experimental investigations of droplet vaporization usually consist 
of full-spray investigations or single-droplet studies. Experiments involving a small group of 
droplets are rare. In addition, the few experimental results available in the literature that describe 
small groups of droplets address vaporization only; the effects of neighboring droplets on droplet 
drag are not discussed. 

Droplet vaporization 

Nuruzzaman et al. (1971) examined monosized droplet streams in stationary flames, and found 
that the vaporization rate decreased to approximately one-half the isolated droplet value. In this 
study the inter-droplet spacing was relatively large (approx. 30 droplet diameters). Miyasaka & Law 
(1981) showed that, in agreement with theoretical predictions, interacting droplets do not vaporize 
with the classic d 2 law of isolated droplets. The effect of buoyancy on the vaporization process 
was also affected substantially by the presence of neighboring droplets. These droplets were 
suspended on filaments and were quite large (1 mm with 5 mm spacing). Because the droplets were 
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suspended, the influences of droplet motion were not included in the study. Twardus & Brzustowski 
(1978) made qualitative measurements of flame spread through arrays of freely-falling burning 
droplets. Again the droplet size was large (2.5 mm with a spacing of 55 mm). The vaporization rate 
and the drag were not measured, only the flame speed. Sangiovanni & Kesten (1976) presented a 
study of combustion in monodispersed droplet streams, but they were concerned primarily with 
ignition criteria, and consequently they did not report inidividual droplet behavior in detail. 

THEORETICAL M O D E L F O R  PREDICTING DROPLET TRAJECTORY 

Equations of Motion 
Our theoretical model uses a simplified analysis of the equations describing the motion of a 

vaporizing droplet. In these calculations, the droplet and the air form an isothermal system. We 
neglect the effect of the droplet on the surrounding air. The air is at rest, and has uniform and 
constant temperature. There is no buildup of the vaporizing species. With these assumptions, only 
the droplet trajectory and momentum equations need to be solved: 

dx dv CD PR 2 
- -  - -  - - v v ,  [ 1 ]  
dt =v'  dt = g  2 m 

where x and v are the droplet position and velocity vectors, respectively, v is the magnitude of the 
velocity vector, g is the gravity vector, t is time, CD is the drag coefficient, p is the air density, R 
is the droplet radius and m is the droplet mass. We neglect virtual mass and buoyancy effects. 

For a vaporizing droplet the droplet size varies with time: 

4 dR 3 
- -  = - ' n ,  [ 2 ]  ~PL dt 

where PL is the liquid density. Solution of this equation requires a model for the vaporization rate, 
rh. In addition, the droplet momentum equation, [1], requires a model for the drag coefficient. In 
this analysis we compare the predicted trajectory of a droplet using various available correlations 
for the drag coefficient and the vaporization rate. The predicted values are then compared with 
experimental trajectories. Based on this comparison we will eventually modify the correlations to 
account for interaction effects between droplets. 

The drag coefficient is 

Drag Coefficient Models 

D 
C D =/pv2~R 2 , [3] 

where D is the magnitude of the drag force acting on the droplet. Most drag coefficient correlations 
used in the combustion literature account for a Reynolds number effect and a vaporization effect 
through a dependence on the transfer number B. No correlation for the drag coefficient accounting 
for the combined dependence on the Reynolds and transfer numbers as well as on droplet--droplet 
interaction is available in the literature, although the work of Raju & Sirignano (1989) and Chiang 
& Sirignano (1990) may produce correlations for two droplets in tandem. Some common 
single-droplet correlations are described below. 

Stokes drag 

The Stokes drag correlation (Stokes 1851) is strictly valid for a solid sphere at Re < 1. It is 
included because its use yields an analytical solution to the trajectory equations. This analytical 
solution gives physical insight into the parameters controlling the droplet trajectory. The Stokes 
drag coefficient is given by 

24 
CD = R-ee' [4] 

where the Reynolds number is defined by Re = 2Rvp/p. Equation [4] yields the Stokes-drag 
formula, D = 6n#Rv, for the force acting on a sphere. 
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Solid sphere drag 

Yuen & Chen (1976) experimentally showed that for low to moderate vaporization rates 
(B = cp(T~-  Ts)/hm <<, 3) the drag coefficient of an evaporating droplet may be approximated by 
the standard drag curve for a solid sphere, provided the gas viscosity/~ is evaluated at a reference 
temperature and the concentration obtained by using the I/3-rule: 

Tre f T~+](T~-T~) ,  Yv.~r Yvs+g(YF~-YF~). [5] 

Yuen & Chen (1976) argue that the decrease in viscous drag due to blowing is accompanied by 
an increase in the pressure drag of similar magnitude. The solid sphere drag curve is approximated 
within 10% by the curve-fit formula (White 1974): 

24 6 
CD = ~ q 1 + Re °-------~5 + 0.4, [6] 

in the range 0 ~< Re ~< 2 × 105. However, the solid sphere correlation is invalid for high vaporization 
rates and for droplets with wake flames (Sirignano 1983). 

Renksizbulut- Yuen drag 

Renksizbulut & Yuen (1983a) conducted numerical experiments with droplets in air streams up 
to 1059 K, and, comparing their results with the experimental data of Yuen & Chen (1976) and 
Eisenklam et al. (1967), proposed the following correlation for the drag coefficient: 

24 
Co = Ree (I + 0.2 Re°63)(l + B) -°-2, [7] 

for 10 < Re < 300. In this equation, all thermophysical properties are evaluated using the mean 
between the surface and ambient values of the temperature and mass fraction; the density in Re, 
however, is based on the free-stream value. The (1 + B) °'2 factor accounts for the reduction in drag 
due to the blowing effect of evaporation. 

Chiang et al. drag 

Chiang et al. (1991) propose the following drag correlation, which agrees within 4% with results 
from their variable-property Navier-Stokes numerical calculations: 

24 
CD = Ree (I + 0.41 Re°4°5)(I + B)-,)3., [8] 

for 30 < Re < 250, 0.6 < B < 6. The thermophysical properties are evaluated as in the Renksizbu- 
lut-Yuen correlation. The Chiang et al. correlation indicates a larger reduction in drag due to 
blowing than does the Renksizbulut-Yuen correlation. 

Vaporization Models 

Most vaporization models employ the classical d 2 law for vaporization with a correction for 
convective effects. For large Re, a vaporization model based on a flat-plate boundary-layer analogy 
may also be reasonable (Sirignano 1978). 

Classical theory: d e law 

Quasi-steady theory (Spalding 1953) assumes that the rate of surface regression of the droplet 
is negligible, an assumption that is valid for very large droplets and porous spheres. When the 
thermophysical properties and the surface and ambient fuel mass fractions are constant, quasi- 
steady theory yields a d 2 law for the variation of the droplet size. The vaporization rate is given by 

th = 4nRp @CRe ln(I + B M ), [9] 

where ~ is the mass diffusivity of the gas, BM = (YF~- Y w ) / ( l  - YF~) is the mass transfer number, 
and CRe is the correction which accounts for convective effects. Two commonly used correlations 
for the convective correction are the Ranz & Marshall (1952) correlation, 

CR¢ = 1 + 0.3 Re°'SSc °'33~, [10] 
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with Sc as the Schmidt number; and the Clift et al. (1978) correlation, 

CRe = ½[1 + (1 + ReSc)°'333f(Re)], [11] 

where f ( R e ) = l  for Re~<l and f ( R e ) = R e  °°77 for 1 < R e < 4 0 0  and 0 . 2 5 < S c < 1 0 0 .  This 
correlation approximates numerical results from various sources with 3% error. 

Abramzon-Sirignano model 

Abramzon-Sirignano (1989) provide a correlation which agrees with the classical theory in the 
limit of very small Re but which replaces the ln(l + B) dependence with an exponential law for 
high Re. The exponential law allows the vaporization to agree with the experimental data of 
Renksizbulut & Yuen (1983b).The vaporization rate is 

[ c 'l m = 4 n R o N  1 4 ~-) In(l + BM), [12] 

where 

F(B) = (1 + BM) °'7 In(1 + BM) [13] 
B 

All thermophysical properties are evaluated with the l/3-rule, except for the density appearing in 
the Re which is evaluated at the free-stream value. The l/n-rule indicates that a property P is 
evaluated at the reference condition P~r= [(n - l)Ps + P~]/n, with subscript s representing the 
surface and subscript ov representing the free stream. 

Renksizbulut-- Yuen model 

Based on experiments, Renksizbulut & Yuen (1983b) provided a correlation for the Nusselt 
number of a droplet evaporating in air: 

Nu = (2 + 0.57 Re°'SPr°333) (1 + BT) -0'7, [14] 

where the 1/2-rule is used to evaluate the thermophysical properties, except for the density in the 
Re which is the free-stream density. This correlation is valid for 10 < Re < 2000. Renksizbulut & 
Haywood (1988) provide an expression for the vaporization rate as 

Nu 
rh = 4 n R p ~  T BT, [15] 

where Nu is given by [14] and the transfer number BT = cp(T~ -- Ts)/h'rc , takes into account the heat 
transferred into the droplet. 

Chiang-Sirignano model 

From numerical calculations, Chiang & Sirignano (1990) have reported Sherwood and Nusselt 
number correlations equivalent to those of Renksizbulut & Yuen. They do not provide an 
expression for the vaporization rate. However, by analogy with the Abramzon-Sirignano model, 
the vaporization rate is 

rh = 4nRp ~ ~ BM, [ 16] 
L 

where the Sherwood number Sh is 

Sh = (2 + 0.46 Re°rSc°m)(l + BM) -°7 

valid for 0.3 < BM < 4.5 and 30 < Re < 250. 

[17] 

TRAJECTORY ANALYSIS 

For an isolated droplet, [l] and [2] can be solved to predict the droplet trajectory for a given 
set of initial conditions, and for specific droplet drag and vaporization models. In our calculations, 
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the droplets are released from a height h0 with a horizontal initial velocity V~o. The initial vertical 
velocity is zero. 

Analytical Solution of  Droplet Trajectory 

In the simplified case of a constant temperature, non-vaporizing droplet experiencing Stokes 
drag, [I] can be solved analytically to obtain the position and velocity of the droplet: 

and 

,_-,x0,[, ,x,( 0] [18] 

and the droplet trajectory is obtained by combining [18] and [19] to eliminate time: 

gz gT ° 
y = l + - - x -  In • - . [22] 

Vxo ho -~o 1 - 

Defining the dimensionless distances .~ = x/(zVxo) and -9 =y/ho, [22] can be written as 

and 

[23] 

where the parameter ~ =gz2/ho is a dimensionless gravity representing a ratio of characteristic 
heights. Equation [18] shows that ~--.I asymptotically. Hence, the maximum x position is 
proportional to Vxo R2. A droplet twice as large will travel 4 times as far. 

With the same non-dimensionalization, the parabolic ballistic trajectory is 

9 = - ½~.~2, [241 

which follows directly from [23] in the limit ~ ,~ 1 with r~ finite. Figure 1 compares trajectories 
predicted by [23] and [24] for the case of g = 0.0063, which corresponds to a 50/~m dia droplet 
traveling in room air with h0 = 10 cm and Vx0 = 1 m/s. 

From the trajectories we can also determine how the separation distance between two droplets 
injected in tandem varies with time. Raju & Sirignano (1989) and Chiang & Sirignano (1990) 
compute the separation using detailed Navier-Stokes calculations. Here we assume that the Stokes 
drag formula applies and we neglect interaction effects. Two droplets are injected at times t = 0 
and t = to, respectively. In the following subscript 1 refers to the lead droplet, and subscript 2 refers 
to the trailing droplet. The dimensionless separation between these droplets at any time greater than 
to is Ar = [(Vxoz A£) 2 + (ho A-9)2] °'~, where 

A£ = - ~ h - x 2 = e x p ( - i ' ) [ e x p ( - / o )  - I], A-9 =-91--92 = g  exp(-i ')[exp(i 'o) - 1]-g?o,  [25] 

where i" = t/z is the dimensionless time. The horizontal separation decreases monotonically from 
its initial value of l - e x p ( -  to) to zero, while the vertical separation increases monotonically from 
its initial value of ¢ [ e x p ( - / ' 0 ) -  l + to] to an asymptotic value of  ¢i'o. 

y=h0+g.2[, exp( .., .9, 
The parameter z = m/6nt~R is a characteristic time of  droplet deceleration and corresponds to the 
ratio of  the initial droplet momentum mVx0 over the initial Stokes drag force 6n/~V~0R. For a 
50/~m dia droplet in room air, z is approx. 6 ms. The velocity components are 
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Figure 1. Trajectories in room temperature air for non- 
vaporizing 5 0 p m d i a  spheres with and without a Stokes 
drag force. Initial velocity = l m/s; initial height = 10cm; 

sphere density = 760 kg/m 3. 
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Figure 2. Spacing between two spheres injected at the same 
velocity but separated by lag time t o . The spheres are 
non-vaporizing, and experience only Stokes drag. The calcu- 
lation is for two 50 p m  dia spheres in room temperature air. 
The initial velocity of  the spheres is 1 m/s and their density 
is 760 kg/m 3. Collision occurs when the spacing/droplet 

diameter falls below I. 

To determine the possibility of droplet collision, it is useful to calculate the ratio of the separation 
distance to the droplet diameter A~ = Ar/2R. When this quantity is equal to one, the two droplets 
are in contact. The square of this ratio is 

_ g2T4 
Af 2 V]°r24R 2 e x p ( -  2?)[exp(~0) - 1] 2 -Jr- ~ {exp(- t')[exp(?0) - 1] - ?0 }z. [26] 

As this equation indicates, the dimensionless separation between droplets asymptotes to the value 
A~ =gzto/(2R) for large time. This separation is only in the vertical direction. A collision occurs 
when AF = !. To avoid a collision, injection of the second droplet must be made after a time lag 
t 0: 

2R 
to = - - .  [27] 

gz 

For two 50/~m dia droplets injected at 1 m/s, the time lag must be >0.81 ms, which corresponds 
to an initial horizontal spacing of Ag =0.12 or 760/zm (15 diameters) from center to center. It 
is interesting that the necessary time lag depends only on the drop size, as toOC 1/R. Larger drops 
require less time lag. The condition on to is necessary but not sufficient to avoid a collision. The 
separation may go through a minimum before increasing to its asymptotic value. However, this 
occurs only in cases with low initial velocity. Figure 2 shows the time variation of the dimensionless 
separation A7 for different values of the initial time lag, ?0. 

Numerical Solution of Droplet Trajectory 
The previous analysis does not apply for a vaporizing droplet or for a droplet with an Re > 1. 

For these cases, we use a numerical solution of [1] and [2] after prescribing a drag coefficient model 
and a vaporization model from those listed earlier. We integrate [1] and [2] using an implicit 
Runge-Kutta scheme. The calculations terminate when the droplet mass is 1% of the initial mass. 

Figure 3(a) shows the predicted droplet trajectories using various drag coefficient models for a 
100/~mdia droplet of methanol, with an initial velocity of 10 m/s in air at 300 K. For these 
calculations, the Abramzon-Sirignano vaporization model is used. Most drag coefficient models 
predict a similar trajectory, but the Stokes drag formula gives a much longer trajectory because 
of the drag's lower dependence on velocity. The Chiang-Sirignano model predicts a slightly lower 
drag because of a stronger effect of the transfer number. This lower drag increases the maximum 
horizontal travel, and gives a higher curvature to the droplet trajectory. The Chiang-Sirignano drag 
correlation, however, is valid only for Re > 30, and the droplets in our experiments are out of this 
range in a short time. 
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Figure 3. The effect on the calculated droplet trajectory in room temperature air of  (a) various drag 
models and (b) various vaporization models. The droplets have an initial diameter of 50 pm and an initial 

velocity of  10 m/s. 

10 

A comparison of various vaporization models is shown in figure 3(b). Here we use the drag 
coefficient for a solid sphere. Except for the classical d 2 model, all of the vaporization models 
produce nearly the same droplet trajectory in room temperature air. In room air, therefore, the 
droplet trajectory is insensitive to the vaporization model. 

EXPERIMENTS 

Experimental Apparatus 

The experimental apparatus is shown in figure 4, and consists of a droplet generator, a droplet 
charging/deflection system, a droplet velocimeter and a photographic imaging system. The entire 
apparatus, excluding the flow system and electronics are mounted on an optical breadboard. An 
aluminum-framed Plexiglas enclosure (0.76 x 0.76 x 0.61 m) covers the apparatus to prevent 
external air currents from disrupting the droplet trajectory. Further details of the experimental 
apparatus are described by Nguyen et al. (1989). 

Droplet generator 

The droplet generator is similar to that described by Berglund & Liu (1973). Bottled nitrogen 
from a regulator pressurizes methanol contained in a reservoir. The pressurized methanol jets 
through a 40/~ m orifice. A piezoelectric crystal oscillates the orifice as the jet issues from it. The 
oscillation breaks the methanol jet into uniform droplets at the frequency that is driving the crystal. 
We drive the crystal with a square wave from a function generator amplified with an audio power 
amplifier. We typically drive the crystal with a + 50 V square wave at 12-20 kHz. 

Droplet deflection system 

We use an electronic droplet charging/deflection system similar to that described by Russo et al. 
(1981) and Sangiovanni & Kesten (1976) to produce widely spaced droplets and droplet groups. 
A medium voltage pulse (250 V) selectively charges droplets negatively as they detach from the jet 
of liquid near the orifice. A - 7  kV potential across two copper plates then deflects the charged 
droplets. We produce sequential droplet packets by not-charging small groups of drops. A razor 
blade separates the deflected drops from the undeflected drops, allowing the undeflected, uncharged 
droplets to pass into the measurement region. 

A signal derived by digitally dividing the function generator output that drives the piezoelectric 
crystal controls the production of droplet packets, generating a continuous sequence of isolated 
droplets or droplet groups. 

Droplet z~elocimeter 

The droplet velocity was computed by measuring the droplet transit time between two 
single-mode optical fibers (4 pm core) epoxied together with a separation of 250/am. We place the 
fibers approx. 1 mm from the droplet trajectory. Helium-neon laser light transmitted through the 
fibers produces two distinct sources of light. The droplets scatter the light to a photomultiplier tube 
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as they pass. The signal from the PMT is then recorded on an oscilloscope, with the temporal 
spacing of the pulses providing a transit time for velocity determination. The uncertainty in velocity 
from the transit time measurement is approx. 5%. 

We also use the light pulses from the twin-fiber velocimeter to detect the uniformity of the droplet 
stream, to determine the number of droplets in a packet, the droplet spacing within a packet and 
the spacing between droplets. 

Photographic system 

Once the droplet packets are generated, we record their trajectory on Kodak TRI-X film using 
a 35 mm SLR camera equipped with a macro lens. For the detailed collision data we use a video 
camera mounted to a stereo microscope. A xenon flash lamp above the droplet stream illuminates 
the trajectory. The strobe is synchronized to the packet generation pulses, and consequently 
provides a stroboscopic image of the droplet trajectory. The camera shutter is open for about 2 s 
to allow sufficient exposure time. Since there is a continuous sequence of droplets, the multiple 
exposures map out the entire droplet trajectory in a single image. 

To measure droplet size, we photograph the droplet stream through a stereo microscope. For 
size measurements, we backlight the droplets with a single strobe from the xenon flash lamp to 
capture individual droplets. We corroborate the droplet size measurements by using a precision 
micrometer to translate reticle cross-hairs across the droplet image in the stereo microscope during 
an experiment. The uncertainty in droplet size is approx. 5%. 

Experimental Procedure 

The first step is to establish a uniform and stable stream of droplets. This is done by adjusting 
the piezoelectric crystal driving frequency and amplitude while monitoring the laser light being 
scattered from the stream. When a stable and clean trace is observed on the oscilloscope, the stream 
is monodisperse. At this point, we record the frequency, and we measure the droplet size. We then 
adjust the charging pulse width, amplitude and delay for maximum deflection between charged and 
uncharged droplets. 

Once a reasonable amount of deflection is obtained, the next step is to get isolated drop groups. 
We switch the drop charging unit to a packet generation mode. In this mode, the charging unit 
prevents a fixed number of drops from being charged. The digital divide circuit controls the rate 
at which a packet of drops is not charged. The packet length is then adjusted until the desired 
droplet packet is observed on the oscilloscope trace. With reliable droplet packets available, we 
record the time spacing between the leading and trailing droplet, and the spacing between droplet 
groups. We then photograph the trajectory. 

We extract the information on the photographic film by projecting the negative with a slide 
projector onto a sheet of graph paper. The enlargement ratio is carefully adjusted to match the 
calibrated film plane distance, and we trace the trajectory onto the graph paper manually. We use 
a graphics plotter to digitize the manual tracing. The data is then ready for comparison with 
theoretical calculations. 

EXPERIMENTAL RESULTS AND DISCUSSION 

The experimental results include both droplet trajectories and droplet collisions. The droplet 
collisions occur because droplets in the wake of a lead droplet experience less drag, and 
consequently catch up and coalesce with the lead droplet. In these experiments, this collision and 
coalescence occurs so early after the droplets separate from the primary droplet stream that 
the droplet trajectory is essentially that of a single coalesced droplet. Analyzing these 
droplet trajectories provides a relationship between the drag coefficient and the droplet Re. 
The first subsection describes trajectories of single droplets; the second subsection extracts the 
drag coefficient from the trajectory data; and the third subsection details the collision 
process. 
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Figure 6. Stroboscopic record of the y position as a func- 
tion of  time near the knee of  the droplet trajectory for (a) 
a single droplet and (b) a coalesced droplet. There is 0.011 s 
between data points. The slope of the least-squares fit line 

gives the terminal velocity. 

Droplet Trajectories 

Predicting droplet trajectories 
Figure 5 shows the trajectories of two streams of droplets. One stream consists of single primary 

droplets, and the other stream contains larger droplets formed by the coalescence of a droplet pair. 
The trajectories in figure 5 are digitized from long-time exposure photographs of the two droplet 
streams. Based on the fluid flow rate and the droplet generation frequency, the primary droplet size 
is approx. 128/~ m. Doubling the mass of a primary droplet gives the coalesced droplet diameter as 
161/~m. From the fiber optic velocimeter, the initial velocity of the single droplets is 6.42 m/s, and 
the initial velocity of the coalesced droplets is 6.79 m/s. The initial time spacing between droplets in 
both streams is I 1.2 ms, which is equivalent to a horizontal spacing of approx. 76 mm (472 coalesced 
droplet diameters). With such wide separation, there is negligible interaction between droplets. 

The long-term exposure data provides the droplet trajectory, x vs y, but cannot furnish x(t) or 
y(t) information. By synchronizing a flash lamp to the droplet packet generation, however, a 
stroboscopic photograph of the droplet streams provides x(t) and y(t) at discrete time intervals. 
Figure 6 shows y(t) near the knee of the droplet trajectories shown in figure 5. Time zero in figure 
6 is arbitrary and corresponds approximately to an x position of 80 mm in figure 5. For both the 
single drop and the coalesced drop, the y position is a linear function of time after 0.1 s, indicating 
that the droplets have reached a terminal velocity. A linear least-squares fit to y(t) after 0.1 s 
indicates terminal velocities of 0.317 and 0.444m/s for the single and coalesced droplets, 
respectively. Since vaporizing droplets do not achieve terminal velocity, these results suggest that 
droplet vaporization is negligibly small in this experiment. Figure 7 relates the measured terminal 
velocity to droplet size by using the drag correlations described earlier. The variation between 
correlations is small but significant, particularly for the smaller droplet. Part of the discrepancy 
occurs because the correlations are not valid at the Re corresponding to the terminal velocity. The 
terminal Re for both droplets is <5, and only the solid sphere correlation is recommended 
(Re < 10). The droplet sizes from the solid sphere correlation are 132 and 165 pm for the single 
and coalesced droplets, respectively. These droplet diameters are nearly equal to the initial droplet 
diameters determined from the fluid flow rate and droplet generation frequency, indicating that the 
droplets do not vaporize in this experiment. Evidently, the continuous droplet stream generates a 
saturated vapor tunnel that prevents droplet vaporization. 

Figure 8 compares the measured droplet trajectories to calculated trajectories using the solid 
sphere correlation for the droplet drag. The initial droplet velocity comes from the velocimeter 
measurements. The terminal velocity measurements determine the droplet size. The calculation 
assumes a saturated vapor environment that suppresses vaporization. The calculation over predicts 
by < 5% the maximum x value for both the single and coalesced droplets. Further, with less than 
a 5% decrease in the initial velocity (which is within experimental uncertainty) the agreement 
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tories and computed trajectories for (a) a single droplet and 
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between calculation and measurement  is nearly perfect. These results indicate that the solid sphere 
drag model for individual non-vaporizing droplets provides reliable prediction o f  droplet trajectory. 

Predicting x( t )  and y( t )  data is a more  stringent test o f  drag correlations than is predicting the 
trajectory. Figure 9 shows a s troboscopic x( t )  data  at the knee o f  the droplet  trajectory. This data  
corresponds to the y( t )  data  in figure 6. The linear coefficient o f  a least squares cubic fit to the 
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first 5 points on each x(t) curve provides an initial velocity, and the droplet size is assumed from 
the terminal velocity results. Figure 10 compares x-y  positions calculated with these initial con- 
ditions with measured x-y  positions at fixed instants in time. The calculations assume solid sphere 
drag and no vaporization. In figure I 0, the prediction lags the measurement slightly, but the agree- 
ment is very good. As with the trajectories, nearly perfect agreement can be achieved with only 
slight modifications (within experimental uncertainty) of  the droplet size and initial velocity. 

Determining the Drag Coefficient 

By differentiating the x(t) and y(t) data from the stroboscopic photographs, it is possible to 
extract a relationship between the drag coefficient CD and Re. In fact, the x(t) and y(t) data provide 
independent determinations of  CO to verify the reliability of  this relationship. 

Typically, drag coefficients are extracted from position data by fitting a polynomial to the data 
and then differentiating the polynomial. For our trajectories, however, polynomial functions are 
unreasonable because they do not have the correct physical behavior at long times. Specifically, 
x(t) must asymptote to a limiting x value as t--+ ~ ,  and p(t)  must asymptote to a terminal velocity 
as t--* ~ .  Polynomials can provide neither of these features. Consequently, we fit our data with 
exponential functions. 

Drag coefficient from x(t) 
The x(t) function should asymptote to a terminal x position, suggesting a function of  the form 

x(t) = x~+b e -c`, [28] 

with x~o representing the terminal x value; x~ + b  is the initial x value. Differentiating [28] with time 
gives .~(t) = -bce -" .  Hence -bc  is the initial velocity. The initial and terminal x, and the initial 
velocity, define the exponential function precisely. Unfortunately, extracting the initial velocity 
from the data is difficult and inexact. Consequently, the best exponential fit to the data requires 
some manipulation of  - b c .  Figures 1 l(a,b) show exponential fits to the x (t) data with bc adjusted 
to give the fit with minimum deviation from the data. 

The drag coefficient for x is defined as 

- max 
CDx -- ½p VVxA' [29] 

18(; 

i 
18C 

SINGLE DROP 

I 140 

120 

x 100 

80 

180 

I 1 I I 

COALESCED DROP 

f -  
I I I I 

(a) ~o) 

I I I I 
)0 0.06 0.10 0.15 0.20 0.25 

T~E Is] 

! 130 

100 

70 

(e) 

Figure 11. Exponential 

I I I I 
0.00 0.06 0.10 0.15 0.20 0.25 

(d) 

fits to stroboscopic records of  x(t) and y(t) to be used for calculating the drag 
coefficient. 
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where m is the droplet mass, ax is the droplet acceleration in the x direction, p is the gas density, 
V x is the speed in the x direction, V is the magnitude of the total velocity, ~ ,  and A is 
the droplet projected area. Simplifying: 

8 PL Rax 
CDx= 3 p VVx' 

with pe the droplet density and R the droplet radius. Adding viscosity # and rearranging: 

co,:  t 3. )tpvR)tv,)' 
which for constant drop radius, drop density, and viscosity, can be written as 

[30] 

[311 

K a x 
c o =  E32, 

with K a constant. For the exponential form of [28], ax/l(~ is simply equal to the coefficient - c ,  
and CD, = const/Re. While this form of Co is not robust enough to span a large Re range, it is 
reasonable over small ranges, and is exact for the Stokes flow regime, Re < 0.5. 

Drag coefficient from y(t) 
The y (t) function should provide a terminal velocity, so V~. should asymptote to a constant value. 

An exponential function with this behavior is 

y(t) = V,t + b + c e d,, [33] 

where V~ is the terminal velocity, b + c is the initial y value and It, - dc is the initial velocity. A 
fourth equation comes from assigning a fixed y(t,) somewhere on the curve. These four conditions 
define the y(t) function completely. As with the x(t) function, uncertainties in the positions and 
velocities require some adjustment of the parameters to give a good fit to all of the data. Figures 
i l(c,d) show the functions fit to the y(t) data that give minimal deviation from the data. Because 
of the linear term in y(t), Co, is not simply related to Re as is CDx: 

K a~ 
C°J= - (Ree) ( - ~ )  [34] 

and 

Co~ = - \ R e , / \  Vt - d c  e-d'/" t35] 

As t ~ oc, Coy~Const/Re, which is the correct form of Co in Stokes flow. Figure 12 compares the 
drag coefficient computed from both the single and coalesced droplet and from both x(t) and y(t) 
data. The solid curve is the solid sphere correlation. Except for Co~ of the coalesced droplet at 
Re > 10, all of the results are very close to the solid sphere correlation. 

Droplet Collision 
Our earlier Stokes analysis predicts that successive droplets with the same initial velocity will 

collide if their initial spacing is less than some critical value. Figure 13 shows high resolution 
measurements of x(t) for droplet pairs, triples and quadruples. All droplets are 128/am dia. The 
initial droplet spacing within a droplet packet is 850 #m at the packet generation point, and the 
corresponding initial velocity is 12 m/s. The figure gives the x position for the lead droplet and for 
each trailing droplet. In all cases the droplets collide and coalesce into a single large droplet. It 
is difficult to observe the collision in figure 13 because the droplet spacing is a small fraction of 
the droplet travel distance. Figure 14 provides the droplet positions relative to the lead drop for 
each case. While there is some curvature in the relative position data, the spacing decreases 
approximately linearly with time for all trailing droplets. Further, the average approach velocity 
is nearly the same for the first, second and third trailing drop as evidenced by the fact that all lines 
are parallel. The spacing between successive trailing droplets is approximately constant, and they 
approach the lead drop as a group. This result indicates that the influence of a wake diminishes 
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significantly from the first trailing drop to the succeeding trailing drops, a result noted in the 
numerical work of Tal et al. (1983). 

There are distinct breaks at approx. 1.5 and 3.5 ms in the 3- and 4-drop spacing results of 
figure 14. These breaks coincide with the coalescence of a trailing droplet with the lead droplet. 
While the spacing decreases approximately linearly with time, careful analysis of the spacing 
between coalescence events reveals curvature, which indicates a relative acceleration between the 
lead droplet and the trailing drops. This difference in acceleration is caused by reduced drag on 
the trailing droplets. Unfortunately, the largest drag difference occurs just as the droplet packets 
are formed inside the deflection plates of the experimental apparatus. This location is currently 
inaccessible for measurement. The drag difference from the packet generation point to the initial 
measurement point produces the velocity difference of approx. 0.30m/s between the lead and 
trailing droplets that is represented by the slope of the data in figure 14. This velocity difference 
is much larger than the velocity difference occurring because of the small time lag between droplets, 
indicating that the rear droplet experiences less drag than the lead droplet. Because of the scatter 
in the data it is difficult to extract reliable drag differences from the data in figure 14. However, 
a qualitative analysis can indicate the relative drag between the lead and trailing droplets. For 
one-dimensional acceleration of equal mass droplets, the ratio of the lead droplet drag to the first 
trailing droplet drag in terms of the relative droplet acceleration is 

Fd, 2~ 
= 1 - 2~' [36] 

where subscripts/, t and r refer to lead, trail and relative, respectively. This result means that if 
x~(t) and xj(t) have curvature in the same direction, the drag on the trailing drop is less than that 
on the lead droplet. Figure 15(a) shows the droplet spacing between the lead droplet and the first 
trailing droplet. The curves are least-square parabolic fits to the data, making the tacit assumption 
that the relative acceleration at is constant over the measurement. The data is somewhat scattered, 
but all of the parabolas are concave down, indicating negative relative acceleration. Figure 15(b) 
shows the lead droplet position x~ as a function of time. Again the curves are least-square parabolic 
fits to the data. All of these curves are also concave down, indicating that the trailing droplet 
experiences less drag than does the lead droplet. The ratio of drag force FdJFd~ from these parabolic 
fits are: (I) 2-drop case---0.93; (2) 3-drop case-4).17; and (3) 4-drop case---0.78. The 3-drop case 
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is significantly different from the other two cases because of the high curvature of the droplet 
spacing, indicating very high relative acceleration. Unfortunately, the data from the 3-drop case 
has more scatter than the other two cases and is therefore less reliable. 

Another technique to estimate the drag difference between the lead and trailing droplet is to use 
the droplet drag models verified in the trajectory section above. We can reduce the drag on the 
trailing droplet until the measured difference velocity of 0.30 m/s is obtained over the 30 mm 
distance from the deflection plates to the first measurement point. A linear least-squares fit to the 
first 10 points in figure 15(b) provides a lead droplet velocity at the first measurement point of 
8.7 m/s. We use the drag model to predict the initial velocity at the packet generation point that 
gives 8.7 m/s at the first measurement point. Using the solid sphere drag model in this process, the 
average drag ratio of the trail to leading droplet that produces a 0.3 m/s difference is approx. 0.9. 
Furthermore, this result is insensitive to the value chosen for the initial velocity at the packet 
generation point. The drag reduction of 0.9 agrees fairly well with the 2- and 4-drop fitting analysis 
above, and indicates that 3-drop case result is unreasonably low. The average drag reduction of 
0.9 is valid only for the 7-drop diameter initial droplet spacing of these experiments. For 
comparison, numerical computations by Tal et al. (1983) indicate a drag reduction of 0.70 for 
droplet triples with a droplet spacing of 1.5 dia, and Liu et al. (1988) demonstrate drag reductions 
of <0.2 for a continuous droplet stream relative to isolated droplets. 

CONCLUSIONS 

This work compares experimentally determined trajectories of droplets with trajectories pre- 
dicted by using various vaporization and drag laws in the equation of motion. The predictions, 
experiments and their comparison lead to the following conclusions for droplet trajectories and 
drag under our experimental conditions: 

1. While the inclusion of droplet vaporization affects the theoretical droplet trajec- 
tory significantly, at room temperature conditions there is little influence of the 
specific vaporization law chosen from among those in the literature. 

2. All of the drag correlations examined, even when used outside their recommended 
Re range, give similar results for the droplet trajectory. The correlation of Chiang 
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et al. (1991) gives slightly lower drag than the other correlations. Because the Re 
is outside the Stokes regime for most of the droplet's horizontal flight, the Stokes 
drag law predicts much lower drag than the correlation drag formulas. 

3. Under the room temperature conditions of our experiments, isolated droplets do 
not vaporize. Droplets in a continuous droplet stream, even when separated by 
several hundred droplet diameters, produce a saturated vapor tunnel that prevents 
droplet vaporization. 

4. For non-vaporizing droplets, experimental single-droplet trajectories match the 
predicted single droplet trajectories extremely well (within 5%). 

5. Exponential fits to the trajectory data provide the proper limit behaviors: (a) a 
terminal x position; and (b) a terminal y velocity. The relationship between Re 
and the drag coefficient, calculated from exponential fits to the trajectory data, 
agrees reasonably well with the solid sphere drag correlation, particularly at low 
Re. However, because the drag coefficient requires twice differentiating position 
data, the results are sensitive to the curve-fitting procedure. By comparing drag 
coefficients calculated from x (t) data with those calculated from y (t) data, we find 
good consistency in our results for low Re. 

6. Trailing droplets closely separated from a lead droplet catch up and collide with 
the lead droplet in a very short time. The collision occurs because the trailing 
droplets experience reduced drag in the wake of the lead droplet. The drag 
reduction is approximately the same for all trailing droplets regardless of their 
position in the sequence. All trailing droplets behave similarly, moving to catch 
the lead droplet as a group. They do not catch up with their nearest leading 
neighbor until that neighbor is the lead drop of the group. 

7. Under the conditions of our experiments, our measurements and calculations 
indicate that the trailing droplets experience a drag reduction of approx. 10% 
compared with the drag of the lead droplet. This drag reduction causes droplet 
collision for 130/~m droplets initially separated by 1 mm to occur in approx. 3 ms. 
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